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Abstract: We present a new Matlab library, SeDuMi Pol, able to solve convex optimization
problems, whose constraints may involve also positive polynomials. The way in which positive
polynomials are introduced in optimization problems as variables is described. An example of
using the library is also provided.
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1. INTRODUCTION
In the last two decades there has been a high interest in
the analysis of multidimensional systems using constraints
that require the positivity of polynomials, once with the
appearance of the semidefinite programming (SDP) methods. This also brings the need of a collection of programs
capable of transforming a problem containing positive
polynomials as constraints into a standard semidefinitequadratic-linear programming (SQLP) problem. Precisely
this is what we propose here: a library able to solve convex
optimization problems whose constraints involve positive
polynomials, named SeDuMi Pol, being the first of its
kind. It assures the transparency of the parameterization
of positive polynomials, basically making the user able to
solve problems with positive polynomials without knowing
what is needed for their characterization. (Remember that
positive polynomials are also sum-of-squares). Although
there are toolboxes which can handle sum-of-squares , see
[12], [6], none of them has considered an approach like
we propose here. SeDuMi Pol is written in Matlab 1 and
uses SeDuMi [14] toolbox for optimization over symmetric
cones.
Outline
The remainder of this paper is organized as
follows. We present in Section 2 a first view on how the SeDuMi Pol library works. The way positive polynomials are
inserted in an optimization problem is treated in Section 3.
Next, in Sections 4, we discuss the Matlab structure that
describes a SeDuMi Pol problem. An example of usage of
the library is provided in Section 5. We conclude in Section
6.
Notations The notation is standard. Multivariate entities (vectors, matrices) are denoted by bold characters.
M T is the transposed of matrix M and M H is the
? This work was supported by Romanian CNCSIS grant IDEI
309/2007.
1 Matlab is a registered trademark of The MathWorks, Inc.

transposed and complex conjugated of M . We denote by
Tr M the trace of the matrix M . For a ∈ C, a∗ is the
complex conjugated of a.
2. SEDUMI POL OVERVIEW
Let us see now, at a first glance, how does SeDuMi Pol
work. For this consider an SQLP problem written in the
equality form
min cT x
(1)
s.t. Ax = b,
x∈K
Here K is a symmetric cone which is a cartesian product
of a nonnegative orthant, quadratic cones and cones of
semidefinite matrices; SeDuMi also allows the use of free
(unrestricted) variables.
What we do is to extend the problem (1) by inserting
positive polynomials constraints. Thus, (1) becomes:
min c̃T x̃
(2)
s.t. Ãx̃ = b
The variable vector x̃ is the vector x in which we insert
the coefficients of the polynomials.
Having built Ã, b, c̃ from (2), the sedumi pol function
(the main function of the SeDuMi Pol library) can be used
to solve the problem (2). A typical call for this function is
[x,y,info] = sedumi pol(AsP,bsP,csP,KsP,pars);
where AsP, bsP, csP are Ã, b, c̃ from (2), respectively. KsP
is a structure that describes the cone K from (1) and pars
(which the user is not obliged to use) is a structure which
can change the parameter settings for SeDuMi. The output
parameters x and y are the solutions for the dual forms of
the optimization problem involving positive polynomials,
while info offers information about the solution obtained.
Support The current version is 1.02 and supports the
following:

•
•
•
•
•

positive univariate polynomials
trigonometric or real variable
real/complex coefficients
scalar/matrix coefficients
positivity intervals
3. COEFFICIENT DESCRIPTION

We present next the coefficients chosen to represent the
positive polynomials, coefficients which become variables
in a SeDuMi Pol problem. More precisely we define the
variables that are added in the the x̃ term in (2) for every
type of polynomial.
We consider complex coefficients for trigonometric and
hybrid polynomials. For real polynomials we have only real
coefficients.
3.1 Scalar coefficients
• Trigonometric polynomial. Let us take a (Hermitian)
trigonometric polynomial of degree n with complex
coefficients
n
X
R(z) =
rk z −k ,
r−k = rk∗ ,
(3)
k=−n
d

d

k ∈ Z , n ∈ N , z ∈ Td , rk ∈ C, where T is the
unit circle. We must retain all the coefficients that
belong to a halfspace Hd ∈ Zd . Remember that in
Zd we say that k ∈ Hd if (kd > 0) or (kd = 0 and
(k1 , . . . , kd−1 ) ∈ Hd−1 ). Therefore SeDuMi Pol needs
the parameters
{r0,...,0 , r1,0,...,0 ,
...,
rn1 ,0,...,0 ,
r−n1 ,1,0,...,0 , . . . , r−n1 ,n2 ,...,nd ,
...,
(4)
rn1 ,n2 ,...,nd }.
The total number of coefficients in (4) is
Qd
1 + i=1 (2ni + 1)
M=
.
(5)
2
Trigonometric polynomials have been discussed in
[5, 1, 8, 2, 3].
• Real Polynomial. Let P ∈ Rn [t],
n
X
P (t) =
pk tk ,
(6)
k=0

be a real polynomial. We need all the coefficients of
the polynomial. Hence the coefficients are
{p0,...,0 ,
...,
pn1 ,0,...,0 , p0,1,0,...,0 ,
...,
pn1 ,1,0,...,0 ,
...,
p0,n2 ,...,nd ,
(7)
. . . , pn1 ,n2 ,...,nd }.
See [11, 13, 3].
• Hybrid polynomial. Consider a hybrid polynomial [4]
n`+1
n
n1
X
X̀
X
H(z1 , . . . , z` , t1 , . . . , tm ) =
...
...
i1 =−n1

...

nd
X

i` =−n` i`+1 =0

∀u, v = 1 : `, u ≤ v, ii = −ni : ni , ∀i = 1 : `,
αj = 0 : nj , ∀j = 1 : m, implies that the polynomial
(8) takes real values on T` × Rm .
The coefficients we need are the ones that correspond to an `-tuple from H` . As said, we choose
{hi1 ,...,i` ,i`+1 ,...,id },
(i1 , i2 , . . . , i` ) ∈ H` .
(10)
The elements of the set from (10) are ordered as
follows: for every (i`+1 , . . . , id ) (d − `)-tuple, covered
like in (7), we choose all the (i1 , . . . , i` ) possible `tuples, the order being just like in (4).
3.2 Matrix coefficients
Next, we extend the results to polynomials with matrix
coefficients. Likewise the case with scalar coefficients the
order in which we consider the coefficients is the same. The
difference is that now we have matrices, instead of scalars.
So, we vectorize the matrices.
• Trigonometric polynomial. We consider a trigonometric polynomial with matrix coefficients having the
form
n
X
R(z) =
Rk z −k ,
R−k = RH
(11)
k,
k=−n

Rk ∈ Cκ×κ . Let vec() be the function that transforms
a matrix into a vector by stacking its columns. The
symmetry relation from (11) tells that R0 is Hermitian, hence only half of its elements are needed. Let
vecs() be the function that transforms the lower part
of a Hermitian matrix into a vector, by stacking the
relevant part of its columns. Taking (4) into account
the coefficients of (11) are described by the vector
{vecs(R0,...,0 ),
vec(R1,0,...,0 ), . . . ,
vec(Rn1 ,0,...,0 ), vec(R−n1 ,1,0,...,0 ), . . . ,
(12)
vec(Rn1 ,n2 ,...,nd )}.
• Real polynomial. For a real polynomial with matrix
coefficients,
n
X
P (t) =
P k tk ,
P k = P Tk ,
(13)
k=0
κ×κ

Pk ∈ R
, the elements that we choose for describing the coefficients are
{vecs(P 0,...,0 ), vecs(P 1,0,...,0 ),
...,
vecs(P n1 ,0,...,0 ),
...,
vecs(P n1 ,...,nd )}.
(14)
(See (7).)
• Hybrid polynomial. Let
n`+1
n
n1
X
X
X̀
H(z1 , . . . , z` , t1 , . . . , tm ) =
...
...
i1 =−n1

...

nd
X

i` =−n` i`+1 =0
i

`+1
H i1 ,...,i` ,i`+1 ,...,id z1i1 · · · z`i` t`+1
· · · tidd ,

id =0
i

`+1
hi1 ,...,i` ,i`+1 ,...,id z1i1 · · · z`i` t`+1
· · · tidd ,

id =0

(8)
with zi ∈ T, tj ∈ R and hi1 ,...,i` ,i`+1 ,...,id ∈ C,
∀i = 1 : `, j = 1 : m. The relation
hi1 ,...,iu−1 ,−iu ,...,−iv ,iv+1 ,...,i` ,α1 ,...,αm =
(9)
h∗−i1 ,...,−iu−1 ,iu ,...,iv ,−iv+1 ,...,−i` ,α1 ,...,αm

(15)
with zi ∈ T and tj ∈ R, i = 1 : `, j = 1 : m,
be a multivariate hybrid polynomial with real matrix
coefficients. The corresponding symmetry relation to
(9) is
H i1 ,...,iu−1 ,−iu ,...,−iv ,iv+1 ,...,i` ,α1 ,...,αm =
(16)
HH
−i1 ,...,−iu−1 ,iu ,...,iv ,−iv+1 ,...,−i` ,α1 ,...,αm ,

∀u, v = 1 : `, u ≤ v, ii = −ni : ni , ∀i = 1 : `,
αj = 0 : nj , ∀j = 1 : m. The values that we choose
are the matrix coefficients vectorized by applying
the vec() function to all of them but H 0 , to which
we apply vecs(). The order in which we take the
coefficients is the same as in (10).
4. STRUCTURE OF SEDUMI POL

κ×κ matrix polynomial coefficients. (Scalar coefficients are
of size 1 × 1). Hence, KsP.p has the following structure:
[ n1 n2 . . . nd κ ].
(17)
If KsP.p has only one element, n, the polynomial is
univariate with scalar coefficients and degree n.
Figure 1 gives an overview of the fields added in the
SeDuMi structure to describe the polynomials in SeDuMi
Pol.

In the structure KsP that describes the cone, we introduce
two new fields for describing the positive polynomials:
ptype and p.
If the optimization problem has N positive polynomials
among its variables, then KsP.ptype is an N -by-1 cell
array, each cell denoting the type of a polynomial. To be
able to describe the polynomials these cells have several
(sub)fields.
There are three types of polynomials: trigonometric, real
and hybrid. In order to specify the type of polynomial
the user must explicitly give the number of trigonometric
and/or real variables; for this, each cell of KsP.ptype has
two fields: trigonometric and real. If the polynomial
does not have real variables the field real can be omitted.
By default, if none of the fields trigonometric and
real appears, it is considered that the polynomial is
trigonometric; its number of variables is given by KsP.p,
see (17).
The coefficients of the polynomials can be real or complex.
To change between these two types one of the fields
real coef and complex coef can be set in ptype. By
default, real coefficients are considered to work with, so
only in the complex case you need to set one of them, the
complex coef field, to 1. Remember in the complex case
also to set KsP.ycomplex, as requested by SeDuMi.
Finally, if global positivity is not desired, ptype can have
one more field, for the description of the positivity domain
of the polynomials: int. Currently we have support only
for univariate polynomials, so the field int can be an
interval or a reunion of two intervals. See Table 1 for values
of field int; other cases than those listed in the table
do not exist. The positivity on intervals of real positive
polynomials was discussed in [9, 10, 3] and of trigonometric
polynomials in [1, 7, 3].
Table 1. Positivity intervals types.
Case

Domain

Matlab input

Type of polynomial

1
2
3
4
5
6
7
8
9
10

[a, b] ∈ (−π, π)
[a, π] ∈ (−π, π)
[−π, b] ∈ (−π, π)
[a, b] ∈ [0, π]
[−π, a] ∪ [b, π]
[0, a] ∪ [b, π]
[a, b] ∈ (−∞, ∞)
[a, ∞)
(−∞, b]
(−∞, a] ∪ [b, ∞)

[a b]
[a pi]
[-pi b]
[a b]
[-pi a b pi]
[0 a b pi]
[a b]
[a Inf]
[-Inf b]
[-Inf a b Inf]

trig. pol. complex coef.
trig. pol. complex coef.
trig. pol. complex coef.
trig. pol. real coef.
trig. pol. complex coef.
trig. pol. real coef.
real pol.
real pol.
real pol.
real pol. (even degree)

The field p, in the structure KsP, is also a cell array,
having the same number of elements as KsP.ptype, one
for each polynomial. KsP.p holds the degree of a d-variate
polynomial, n = (n1 , n2 , . . . , nd ) ∈ Zd , and the size of the

KsP

p{i}

ptype{i}

[n1 . . . nd κ]

trigonometric (`)

real (m)

int

real coef (0/1)/complex coef (0/1)

Fig. 1. KsP—the structure of SeDuMi Pol.

5. EXAMPLE OF USAGE
We show next an example of solving optimization problems
involving positive polynomials using SeDuMi Pol. Let us
consider the problem of designing linear-phase FIR filters
of even order n = 2ñ, using optimization, problem which
can be found in [3, Section 5.1.1]. We optimize only the
magnitude, therefore we can work with zero-phase filters
ñ
X
H̃(ω) =
h̃k z −k ,
h̃−k = h̃k .
(18)
k=−ñ

A peak constrained least-squares (PCLS) problem can be
formulated as
min Es
H̃∈Rñ

s.t. 1 + γp − H̃(ω) ≥ 0, ∀ω ∈ [0, ωp ]
(19)
H̃(ω) − 1 + γp ≥ 0, ∀ω ∈ [0, ωp ]
γs − H̃(ω) ≥ 0, ∀ω ∈ [ωs , π]
H̃(ω) + γs ≥ 0, ∀ω ∈ [ωs , π]
where Es is the stopband energy of the FIR filter and
γp , γs are the passband and stopband given error bounds,
respectively. We have now a problem with polynomials
that are nonnegative on given intervals.
Let us see the expression of the stopband energy. Considering h̃ = [h̃0 h̃1 . . . h̃ñ ]T we have
T

Es = h̃ C̃ h̃, with C̃ = P T CP  0

(20)

where
#
0 J ñ
P = 1 0
(21)
0 I ñ
and C = Toep(c0 , c1 , . . . , cn )  0 with
(
1 − ωs /π, if k = 0,
sin kωs
ck =
(22)
−
, if k > 0,
kπ
and Toep() is the symmetric Toeplitz matrix having its
first row the scalar input arguments. (J ñ is the counteridentity matrix of size ñ × ñ.)
"

Denoting

1
2

y = C̃ h̃
||y|| ≤ ε
S0 (ω) ≥ 0, ∀ω
S1 (ω) ≥ 0, ∀ω
S2 (ω) ≥ 0, ∀ω
S3 (ω) ≥ 0, ∀ω

∈ [0, ωp ]
∈ [0, ωp ]
∈ [ωs , π]
∈ [ωs , π]

(24)

where the variables are h̃, ε, y and the coefficients of
the causal parts of the polynomials Si , i = 0 : 3. The
following system characterizes the equality constraints of
the problem (24):
 

 h̃
I ñ+1 0 0 I ñ+1 0
0
0
 ε 
 −I ñ+1 0 0
 
0 I ñ+1 0
0 

 y 
 I


0
0 I ñ+1 0  
 ñ+1 0 0
 s0  =
 −I


0
0
0
0 I ñ+1   s1 


ñ+1 0
1
s 
2
2
0
0
0
−C̃ 0 I ñ+1 0
s3
T
[ 1 + γp 0 −1 + γp 0 γs 0 γs 0 0 ] ,
(25)
where si , i = 0 : 3 are the vectors of the distinct
coefficients of the Si polynomials.
We name the function that designs the linear-phase filters
according to (24), lpf. To design linear-phase FIR filters,
if one would choose for instance n = 50, ωp = 0.2π,
ωs = 0.25π, γp = 0.1, γs = 0.0158, then would enter the
following command in Matlab:
>> th = lpf(25,0.2*pi,0.25*pi,0.1,0.0158);
(The value given above to γs corresponds to a stopband
attenuation of 36 dB.)
To plot the frequency response of the filter (shown in
Figure 2) one can use the command
>> fvtool([flipud(th(2:end));th]);
The listing of the function lpf is in the Table 2. Let us
comment on the code of the function.
Comments. We define wtn, wp, ws, gp, gs input parameters for the lpf function, corresponding to ñ, ωp , ωs ,
γp , γs , respectively. In line 4 we establish the number of
equality constraints and in line 5 the number of variables
of the SeDuMi Pol problem; according to these values we
initialize the AsP, bsP and csP variables in lines 8–10. We
set the objective function in line 12. The bsP term is set in
lines 14–17 corresponding to the vector from the right part
of equality (25). Then, also according to (25), the matrix
that describes the equality constraints is set in lines 19–
29 and 44–45. The SeDuMi Pol problem (24) has ñ + 1
unrestricted variables and one constraint belonging to a

0

−5

−10

−15

Magnitude (dB)

S0 (ω) = 1 + γp − H̃(ω)
S1 (ω) = H̃(ω) − 1 + γp
(23)
S2 (ω) = γs − H̃(ω)
S3 (ω) = H̃(ω) + γs
and using (20) we can transform the problem (19) into a
SeDuMi Pol problem
min ε
s.t. (23)
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Fig. 2. Frequency response of linear phase FIR filter.
second-order cone (SOC), as described in the lines 47 and
48, respectively. The lines 50–53 state that the problem
has four trigonometric polynomials depending each on one
variable. In the lines 55–58 we set the positivity interval
for each polynomial. Each polynomial has degree ñ and
scalar coefficients, as set in lines 60–63. All being set,
in line 65, the sedumi pol function is used to solve the
optimization problem. Finally, the distinct coefficients of
the linear-phase FIR filter—the vector h̃—are returned in
the line 67.

6. CONCLUSIONS
We have presented the SeDuMi Pol Matlab library capable of solving convex optimization problems having
positive polynomials constraints also. The library transforms a problem with positive polynomials into one
SQLP problem, which is then passed to SeDuMi, a
Matlab toolbox for solving optimization problems over
symmetric cones. The SeDuMi Pol library greatly reduces the effort of solving convex optimization problems
with positive polynomials constraints. It is available at
http://www.schur.pub.ro/Idei2007/SeDuMi Pol 102.zip.
Further work will be devoted to extend our library to
multivariate polynomials.
Appendix A. PARAMETERIZATION OF
SUM-OF-SQUARES POLYNOMIALS
We present here the parameterizations used to characterize 2-D sum-of-squares polynomials with scalar coefficients, the generalization to more than two variables being
straightforward. The case of polynomials with matrix coefficients can be found in [3].
A.1 Trigonometric polynomials
Considering d = 2 in (3) we obtain a 2-D trigonometric
polynomial
n1
n2
X
X
R(z1 , z2 ) =
rk1 ,k2 z1−k1 z2−k2 ,
(A.1)
k1 =−n1 k2 =−n2

Table 2. SeDuMi Pol program for solving the
problem (24).
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67

function wth = lpf(wtn,wp,ws,gp,gs)
wtn1 = wtn+1;
nConstr = 5*wtn1;
nVar = nConstr+wtn1+1;
I = speye(wtn1);
AsP = sparse(nConstr,nVar);
bsP = sparse(nConstr,1);
csP = sparse(1,nVar);

with r−k1 ,−k2 = rk∗1 ,k2 , where ki ∈ Z, ni ∈ N, zi ∈ T,
i = 1 : 2, rk1 ,k2 ∈ C.
Theorem 1. The polynomial R(z1 , z2 ) is sum-of-squares
if and only if there exists a positive semidefinite matrix
Q ∈ CNr ×Nr such that
rk1 ,k2 = Tr[Θk2 ⊗ Θk1 · Q],
(A.2)
where Θk is the elementary Toeplitz matrix with ones on
the k-th diagonal and Nr = (n1 + 1)(n2 + 1). The matrix
Q is called a Gram matrix associated with the polynomial
(A.1).

A.2 Real polynomials

csP(wtn1+1) = 1;

We take now a polynomial P ∈ Rn1 ,n2 [t]
n2
n1 X
X
pk1 ,k2 tk11 tk22 ,
P (t1 , t2 ) =

bsP(1) = 1+gp;
bsP(1+wtn1) = -1+gp;
bsP(1+2*wtn1) = gs;
bsP(1+3*wtn1) = gs;
AsP(1:wtn1,1:wtn1) = I;
AsP(1:wtn1,2*wtn1+2:3*wtn1+1) = I;
AsP(wtn1+1:2*wtn1,1:wtn1) = -I;
AsP(wtn1+1:2*wtn1,3*wtn1+2:4*wtn1+1) = I;
AsP(2*wtn1+1:3*wtn1,1:wtn1) = I;
AsP(2*wtn1+1:3*wtn1,4*wtn1+2:5*wtn1+1) = I;
AsP(3*wtn1+1:4*wtn1,1:wtn1) = -I;
AsP(3*wtn1+1:4*wtn1,5*wtn1+2:6*wtn1+1) = I;
wtn21 = 2*wtn+1;
c = zeros(wtn21,1);
c(1) = 1-ws/pi;
for i = 2:wtn21
c(i) = -sin((i-1)*ws)/((i-1)*pi);
end
C = toeplitz(c);
P = [zeros(wtn,1) fliplr(eye(wtn));...
1
zeros(1,wtn) ;...
zeros(wtn,1)
eye(wtn)];
wtC = P’*C*P;
wtC12 = real(sqrtm(wtC));
AsP(4*wtn1+1:5*wtn1,1:wtn1) = -wtC12;
AsP(4*wtn1+1:5*wtn1,wtn1+2:2*wtn1+1) = I;
KsP.f = wtn1;
KsP.q = wtn1+1;

where ki , ni ∈ N, ti ∈ R, i = 1 : 2, pk1 ,k2 ∈ R.
Theorem 2. The polynomial P (t1 , t2 ) is sum-of-squares if
and only if there exists a positive semidefinite matrix
Q ∈ CNt ×Nt such that
pk1 ,k2 = Tr[Υk2 ⊗ Υk1 · Q],
(A.4)
where Υk is the elementary Hankel matrix with ones on
the k-th antidiagonal and Nt = (n1 /2 + 1)(n2 /2 + 1). 
A.3 Hybrid polynomials
Taking ` = m = 1 in (8) we have a 2-D hybrid polynomial
n1
n2
X
X
H(z, t) =
hk1 ,k2 z −k1 tk2 ,
(A.5)
k1 =−n1 k2 =0
∗
rk1 ,k2 , where k1 ∈

with r−k1 ,k2 =
Z, k2 , ni ∈ N, i = 1 : 2,
z ∈ T, t ∈ R.
Theorem 3. The polynomial H(z, t) is sum-of-squares if
and only if there exists a positive semidefinite matrix
Q ∈ CNh ×Nh such that
hk1 ,k2 = Tr[Θk1 ⊗ Υk2 · Q],
(A.6)
where Nh = (n1 + 1)(n2 /2 + 1).
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